This paper aims to provide a description of totally isotropic Willmore two-spheres and their adjoint transforms. We first recall the isotropic harmonic maps which are introduced by Hélein, Xia-Shen and Ma for the study of Willmore surfaces. Then we derive a description of the normalized potential (some Lie algebra valued meromorphic 1-forms) of totally isotropic Willmore two-spheres in terms of the isotropic harmonic maps. In particular, the corresponding isotropic harmonic maps are of finite uniton type. The proof also contains a concrete way to construct examples of totally isotropic Willmore two-spheres and their adjoint transforms. As illustrations, two kinds of examples are obtained this way.
Introduction
Totally isotropic surfaces was first introduced by Calabi [7] in the study of the global geometry of minimal two-spheres. In the study of Willmore two-spheres, totally isotropic surfaces also play an important role [11, 19, 20] . Recently, Dorfmeister and Wang used the DPW method for the conformal Gauss map to study Willmore surfaces [9] . They obtained the first new Willmore two-sphere in S 6 , which admits no dual surface. Along this way, Wang [25] gives a description of all totally isotropic Willmore two-spheres in S 6 , in terms of the normalized potentials of their conformal Gauss maps.
Although Willmore two-spheres may have no dual surfaces, they do admit another kind of transforms, i.e., adjoint transforms introduced by Ma [15] . The main idea of the adjoint transforms is to find out another Willmore surface located in the mean curvature spheres of the original one and having the same complex coordinates. A somewhat surprising result derived by Ma states that a Willmore surface and its adjoint surface in S n+2 also provide a harmonic map into the Grassmannian Gr 1,1 (R in future publication. This paper is organized as follows: In Section 2, we first recall some basic results about Willmore surfaces and their adjoint transforms. Then in Section 3 we discuss the isotropic harmonic maps given by Willmore surfaces and their adjoint transforms. Section 4 provides a description of the normalized potentials of totally isotropic Willmore two-spheres in terms of the isotropic harmonic maps. The converse part, i.e., that generically such normalized potentials will always produce totally isotropic Willmore surfaces and their adjoint transforms, is the main content of Section 5. Using these results, we also derive some concrete examples in Section 5. Then we end the paper by Section 6, which contain the technical and tedious computations of Section 5.
Willmore surfaces and adjoint surfaces
In this section we will first recall the basic surface theory of Willmore surfaces in S n+2 in the spirit of the treatment of [5, 16] . Then we will collect the descriptions of the adjoint transforms of Willmore surfaces [15] . We refer to [16, 15, 1] for more details. + } be the the projective light cone with the induced conformal metric. Then Q n+2 is conformally equivalent to S n+2 , and the conformal group of S n+2 ∼ = Q n+2 is the orthogonal group O(1, n + 3)/{±1} of R 
}.
Let y : M → S n+2 be a conformal immersion from a Riemann surface M , with z a local complex coordinate on U ⊂ M and y z , yz = is called a canonical lift of y with respect to z, satisfying |dY | 2 = |dz| 2 . Then there is a bundle decomposition
Here V is a Lorentzian rank-4 sub-bundle. This decomposition is independent of the choice of Y and z. We denote by V C and V ⊥ C as their complexifications. There exists a unique section N ∈ Γ(V ) such that N, Y z = N, Yz = N, N = 0, N, Y = −1. Noting that Y zz is orthogonal to Y , Y z and Yz, there exists a complex function s and a section κ ∈ Γ(V ⊥ C ) such that Y zz = − s 2 Y +κ. This defines two basic invariants κ and s depending on coordinates z, the conformal Hopf differential and the Schwarzian of y [5] . Let D denote the normal connection and ψ ∈ Γ(V ⊥ C ) any section of the normal bundle. The structure equations can be given as follows:
The conformal Gauss, Codazzi and Ricci equations as integrable conditions are:
The conformal Gauss map of y is defined as follow. 
So locally we have
Direct computation shows that Gr induces a conformal-invariant metric g := 1 4 dGr, dGr = κ,κ |dz| 2 on M. Note g degenerates at umibilic points of y. The Willmore functional and Willmore surfaces can be defined by use of this metric. Definition 2.2. The Willmore functional of y is defined as:
An immersed surface y : M → S n+2 is called a Willmore surface if it is a critical surface of the Willmore functional with respect to any variation of the map y : M → S n+2 .
It is well-known that [3, 5, 11, 23] ) is harmonic. We refer to [9] for the conformal Gauss map approach for Willmore surface.
2.2.
Adjoint transforms of a Willmore surface and the second harmonic map related to Willmore surfaces. Transforms play an important role in the study of Willmore surfaces. For a Willmore surface y in S 3 , it was shown by Bryant in the seminal paper [3] that they always admit a unique dual surface which may have branch points or degenerate to a point. Hence the dual surface is either degenerate or has the same complex coordinate and the same conformal Gauss map as y at the points it is immersed. This duality theorem, however, does not hold in general when the codimension is bigger than 1 ( [11] , [5] , [15] ). To characterize Willmore surfaces with dual surfaces, in [11] Ejiri introduced the notion of S-Willmore surfaces. Here we define it slightly differently to include all Willmore surfaces with dual surfaces: Definition 2.3. A Willmore immersion y : M 2 → S n+2 is called an S-Willlmore surface if its conformal Hopf differential satisfies Dzκ||κ,
i.e. there exists some function µ on M such that Dzκ + µ 2 κ = 0. A basic result of [11] states that a Willmore surface admits a dual surface if and only if it is S-Willmore. Moreover the dual surface is also Willmore at the points it is immersed.
To consider the generic Willmore surfaces, Ma introduced the adjoint transform of a Willmore surface y [15, 16] . An adjoint transform of y is a conformal mapŷ which is located on the mean curvature sphere of y and satisfies some additional condition. To be concrete we have the following 2.2.1. Adjoint transforms. Let y : U → S n+2 be an umbilic free Willmore surface with canonical lift Y with respect to z as above. Set
with µdz = 2 Ŷ , Y z dz a connection 1-form. Direct computation yields [15] (2.5)
Now we define the adjoint surface as follow.
Definition 2.4.
[15] The mapŶ : U → S n+2 is called an adjoint transform of the Willmore surface Y if the following two equations hold for µ: Restricting to the isotropic harmonic map, we have the following description.
Theorem 2.9. [15] , [14] , [1] Let F h = Y ∧Ŷ be an isotropic harmonic map. Set e 1 , e 2 ∈ Γ(V )
Then the Maurer-Cartan form α = F −1 dF = α ′ + α ′′ of F has the structure:
with
and (2.9)
) is a conformal harmonic map satisfying (2.9), then F is an isotropic harmonic map and Y andŶ form a pair of adjoint Willmore surfaces at the points they are immersed. Moreover, set
Then Y is immersed at the points
In this section we will recall briefly the DPW construction of harmonic maps and applications to the isotropic harmonic maps related to Willmore surfaces. We refer to [13, 14, 27 , 1] for more details.
3.1. The DPW construction of harmonic maps.
3.1.1. Harmonic maps into an inner symmetric space. Let G/K be an inner symmetric space with involution σ : 
We have the well-known characterization of harmonic maps:
As a consequence, for a harmonic map f , the equation dF (z, λ) = F (z, λ) α λ with F (0, λ) = F (0), always has a solution, which is called the extended frame of F.
3.1.2. Two decomposition theorems. We denote by SO + (1, n + 3) the connected component of the identity of the linear isometry group of R n+4 1
. Then
Define the involution
We have
Extend σ to an inner involution of G C with fixed point group
Let ΛG C σ denote the group of loops in G C = SO + (1, n + 3, C) twisted by σ. Let Λ + G C σ denote the subgroup of loops which extend holomorphically to the unit disk |λ| ≤ 1. We also need the subgroup Λ
Here B 2 is the solvable subgroup of SO(n + 2, C) such that SO(n + 2, C) = SO(n + 2) · B 2 . We refer to Lemma 4 of [13] for more details.
Theorem 3.2. Theorem 5 of [13] , see also [27] , [8] , [21] (Iwasawa decomposition): The mul-
Let Λ − * G C σ denote the loops that extend holomorphically into ∞ and take values I at infinity.
Theorem 3.3. Theorem 7 of [13] , see also [27] , [8] , [21] (Birkhoff decomposition):
3.1.3. The DPW construction and Wu's formula. Here we recall the DPW construction for harmonic maps. Let D ⊂ C be a disk or C itself, with complex coordinate z.
(1) Let F : D → G/K be a harmonic map with an extended frame F (z,z, λ) ∈ ΛG σ and F (0, 0, λ) = I. Then there exists a Birkhoff decomposition
σ . This way, one obtains an extended frameF (z,z, λ) of some harmonic map from D I to G/K withF (0, λ) = I. Moreover, all harmonic maps can be obtained in this way, since these two procedures are inverse to each other if the normalization at some based point is used.
The normalized potential can be determined in the following way. Let f and F be as above. Let α λ = F −1 dF . Let δ 1 and δ 0 denote the sum of the holomorphic terms of z about z = 0 in the Taylor expansion of α ′ 1 (
Theorem 3.5.
[26] (Wu's formula) We retain the notations in Theorem 3.4. The the normalized potential of F with respect to the base point 0 is given by
Lemma 3.6. We retain the notations in Theorem 3.5. Let Q ∈ K and QF be a transform of F in G/K. Then the normalized potential of QF with respect to the base point 0 is
Proof. We have now the lift QF Q −1 of QF with respect to the base point 0. So we have the Birkhoff splitting of QF Q −1 as below
Hence we obtain
This lemma shows that we can identify the normalized potentials up to an conjugation of elements in K.
Potentials of isotropic harmonic maps.
3.2.1. The general case. Let D denote the unit disk of C or C itself. Let F : D → SO + (1, n + 3)/(SO + (1, 1) × SO(n + 2)) be a harmonic map with a lift F : D → SO + (1, n + 3) and the Maurer-Cartan form α = F −1 dF . Then
The normalized potential of an isotropic harmonic map F = Y ∧Ŷ is of the form 
Then F is an isotropic harmonic map.
3.2.2.
On minimal surfaces in space forms. In [13] , there is an interesting description of Willmore surfaces Möbius equivalent to minimal surfaces in space forms. Here we restate it as:
is Möbius equivalent to a minimal surface in R n+2 ifŶ reduces to a point. In this case
is Möbius equivalent to a minimal surface in S n+2 if F h reduces to a harmonic map into SO(n + 3)/SO(n + 2). In this case
is Möbius equivalent to a minimal surface in H n+2 if F h reduces to a harmonic map into SO + (1, n + 2)/SO + (1, n + 1). In this case
Here b 1 takes values in C n+2 and satisfies b t 1 b 1 = 0. The converse of the above results also hold. That is, if B 1 is (up to conjugation) of the form stated above, then [Y ] is Möbius equivalent to the corresponding minimal surface where it is an immersion.
3.3.
On harmonic maps of finite uniton type. In this subsection we will discuss harmonic maps of finite uniton type.
Loops which have a finite Fourier expansion will be called algebraic loops and the corresponding spaces will be denoted by the subscript "alg", like
Let G/K be an inner symmetric space (given by the inner involution σ : G → G). We map G/K into G as totally geodesic submanifold via the (finite covering) Cartan map: (1) Let f : M → G be a harmonic map into a real Lie group G with extended solution Φ(z, λ) ∈ ΛG C σ . We say that f has finite uniton number k if
A harmonic map f into G/K is said to be of finite uniton number k, if it is of finite uniton number k, when considered as a harmonic map into G via the Cartan map, i.e., f has finite uniton number k if and only if C • f has finite uniton number k.
It is proved that for harmonic maps into inner symmetric space G/K, it is of finite uniton number if and only if its normalized potential takes value in some nilpotent Lie sub-algebra [4, 12, 10] . In Section 4 and Section 5 we will give a characterization of totally isotropic Willmore two-spheres in terms of harmonic maps of finite uniton number at most 2.
Totally isotropic Willmore two-spheres and their adjoint transforms
In this section we will first collect the geometric results concerning totally isotropic Willmore two-spheres and their adjoint transforms. Then by the geometric descriptions, we are able to derive the normalized potentials of the isotropic harmonic map given by such Willmore surfaces and their adjoint transforms.
4.1.
Totally isotropic Willmore surfaces. Let y : M → S 2m be a conformal immersion and we retain the notion in Section 2. Then [7, 11] y is called totally isotropic if and only if all the derivatives of y with respect to z are isotropic, or equivalently,
Here "Y (j)
z " denotes taking j times derivatives of Y by z. As a consequence a totally isotropic Willmore surface always locates in an even dimensional sphere. Moreover, we can find locally an isotropic frame {E j }, j = 1, · · · , m, such that 
It is direct to verify that this condition is independent of the choice of z, Y and E j . Here the notion "H" comes from two facts. First, this condition is similar to the horizontal conditions for minimal two-spheres in S 2m [2, 7] . Second, by a result of [16] , we can prove that Theorem 4.1.
[18] Let y be a totaly isotropic Willmore two-sphere in S 2m . Then y is an H-totally isotropic surface.
See [25] for a proof in the case m = 3. The key point of the proof is an application of the holomorphic forms given by κ and its derivatives, which can be found in Section 5 of [16] .
Moreover, totally isotropic surfaces in S 2m may not be Willmore. But H-totally isotropic surfaces must be Willmore. Proof. By definition of E j , we have κ ∈ Span C {E 2 }. From (4.2), we have that
So DzDzκ +s 2 κ ∈ Span C {E 2 , · · · , E m }. Hence Im(DzDzκ +s 2 κ) = 0 in (2.2) indicates that the Willmore equation DzDzκ +s 2 κ = 0 holds, i.e., y is Willmore.
Concerning the adjoint surfaces of H-totally isotropic surfaces, we have
Proposition 4.3.
[18] Let y be an H-totally isotropic surface in S 2m (hence Willmore). Then the adjoint surface of y is also H-totally isotropic surface on the points is is immersed.
This can be easily derived sinceŶ z ∈ Span C {E 1 , · · · , E m } mod {Y,Ŷ } by (2.5).
4.2.
Normalized potentials of H-totally isotropic surfaces. The normalized potentials of H-totally isotropic surfaces can be derived from Wu's formula as below 
with {h j1 dz,ĥ j1 dz| j = 1, · · · , m} being meromorphic 1-forms on D.
Proof. We have the following
We consider the liftF as below
Here we use the frame defined in (4.1) and set
, we have a jl +â lj = 0, and 
Hence, without lose of generality, we assume thatF (0, 0, λ) = I and let 
We see that
with F 01 = exp(zǍ 1 ) and
, sinceǍ 2 satisfies (4.4). So the normalized potential has the form by Wu's formula (3.1)
By a conjugation of (see Lemma 3.6)
we see that the normalized potential η = Q −1 ηQ has the desired form (4.3).
The converse part of Theorem 4.4 needs a detailed discussion of the Iwasawa decompositions of F − , see the next Section.
Potentials corresponding to H-totally isotropic surfaces
In this section we will first give a characterization of H-totally isotropic surfaces in terms of normalized potentials. This also provides a procedure to construct examples. As illustrations we derive two kinds of examples. We will state the main results in this section and leave the computations to the next section. To prove Theorem 5.1, one need to perform an Iwasawa decomposition. A simple way to do this is to make the potential in (4.3) being of strictly upper-triangle matrices. For this purpose, we will need a Lie group isometry. Then under this isometry, we can write down the Iwasawa decomposition in an explicit way. As a consequence, we can derive some geometric properties of the corresponding Willmore surfaces.
First we define a new Lie group as below
Theorem 5.1 can be derived from the following lemmas.
Lemma 5.2. We have the Lie group isometry
Moreover, we have the following results.
(1) P (SO (1, 2m + 1) 
So P (ΛSO(1, 2m + 1)) = {F ∈ ΛG(2m + 2, C)|τ (F ) = F } with
(2) The image of the subgroup
Lemma 5.3. Under the isometry of (5.2), we have the following results
(1) For η −1 in (4.3), one has
We have the Iwasawa decomposition of H as follows
Here
Here a, q, d, u, v are solutions to the following equation
The M-C form ofF has the form
Lemma 5.4. Under the isometry of (5.2), y is an H−totally isotropic surface with an adjoint transformŷ = [Ŷ ].
Lemma 5.5. Under the isometry of (5.2), P(η −1 ) takes value in the nilpotent Lie sub-algebra
As a consequence, F = Y ∧Ŷ is of finite uniton number at most 2.
Here the proof of Lemma 5.2 is a straightforward computation so that we leave it to the interested readers. Lemma 5.5 holds apparently. The proof of Lemma 5.3 and 5.4 will be given in Section 6, since it involves many technical computations.
Constructions of examples.
In this subsection we will provide two kinds of examples. The first one concerns the new Willmore two-sphere derived in [9] , which is the first example of Willmore two-spheres in S 6 admitting no dual surfaces. Here we will derive this surface together with one of its adjoint surface. This also indicates that it can be derived from an adjoint transform of some minimal surface in R 6 .
The next example concerns one of the most simple Willmore two-spheres in S 4 , i.e., the one derived by a holomorphic curve in C 2 = R 4 with total curvature −4π.
Then the associated family of the corresponding isotropic harmonic maps is Y ∧Ŷ , with 
9 . Moreover, we have [Ŷ ] has no dual surface. Note that [Y ] is a Willmore map from S 2 , with a branched point z = ∞. Moreover, y is conformally equivalent to the minimal surface x in R 8 : (1) From this we see that it is possible that although the harmonic map Y ∧Ŷ is not globally well-defined, the Willmore surfaces [Y ] and [Ŷ ] are well-defined. This is a very interesting phenomena to be explained, which may be related to the Iwasawa decompositions of the loop group ΛG C σ of the non-compact group G = SO + (1, 2m + 1). (2) One can also deriveŷ from a concrete adjoint transform of the minimal surface x. To ensureŷ to be immersed, one need some restrictions on the minimal surface x. Our examples here play an important role in the discussions of these conditions. We refer to [17] for more details.
Theorem 5.8. Let
Then the associated family of the corresponding isotropic harmonic maps is Y ∧Ŷ , with
Here r = |z| and ς = 1 − (2) [Y ] is conformally equivalent to the minimal surface x in R 4 : 
So Y ∧Ŷ has no definition on the curve Γ. Then when j = 1, · · · , m, we have
−a 2j+1,2k+1 + ia 2j+2,2k+1 + ia 2j+1,2k+2 + a 2j+2,2k+2
When j = m + 1 we have
−a 11 − a 21 + a 12 + a 22 2 , k = m + 2;
When j = m + 3, · · · , 2m + 2, we have
6.1.2. Proof of Lemma 5.3.
(1). Assume that η −1 = (a jk ). Then one has 
. First since H(0, 0, λ) = I, when |z| < ε, there exists an Iwasawa Decomposition H = F V + , withF ∈ ΛG σ , V + ∈ Λ + G C σ . Next we want to expressF in terms of H. Since H = I + λ −1 H 1 + λ −2 H 2 , by the reality condition we see that V + = V 0 + λV 1 + λ 2 V 2 with V 0 , V 1 and V 2 independent of λ.
Assume that V + = V 0V+ such thatV + | λ=0 = I. Then we havẽ
+ ) and
Comparing the coefficients of λ, we obtain (6.5)
Direct computation shows that
From the first two equations of (6.5) we can see that
Then from the last equation of (6.5) we see that So we have (6.8)
